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The demand to lower costs and reduce the amount of packaging materials
utilized in a packaged-product system has placed increased importance on the devel-
opment of tools to model the behavior of packaging systems. In this dissertation, the
free and forced vibration response of a nonlinear, distributed-parameter model of a
viscoelastic rod with an applied tip-mass is used to investigate the response of ex-
panded polymer cushion materials to low-intensity harmonic excitations. The rod and
tip-mass represent an idealized packaged product system. A nonlinear model is de-
veloped from constitutive relations. A classical Maxwell-Weichert model, represented
via a Prony series, is used to model the viscoelastic behavior. The model parameters
are experimentally identified through the use of static and quasi-static test results.
Three different solution techniques are applied, free and forced vibration solutions
derived, and used to study the behavior of an idealized packaging system contain-
ing Nova Chemicals’ Arcel R© foam. Each solution is validated against experimental
results.
The first part of this work focuses on the study of the system response lin-
earized about a static equilibrium position. The exact solution to the free and forced
vibration problem is considered first, followed by the development of a reduced-order
model (ROM). It is observed that, although three Prony series terms are deemed
sufficient to fit the static test data, convergence of the dynamic response and study
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of the storage and loss moduli necessitate the use of additional Prony series terms.
Comparison of the ROM solution with that of the exact solution are used to deter-
mine the number of modal equations needed for the ROM to accurately capture the
steady-state dynamic behavior of the packaging system. It is also shown that both
models are able to predict the modal frequencies and the primary resonance response
at low acceleration levels with reasonable accuracy given the non-homogeneity and
density variation observed in the specimens. Higher acceleration inputs result in soft-
ening nonlinear responses highlighting the need for a solution to the nonlinear elastic
model. It is concluded that, although proven in its ability to absorb high frequency
inputs (impact and shock), Arcel R© is not an ideal material for energy dissipation
at lower frequencies, especially close to the first modal frequency of the mass/rod
system.
The second part of the dissertation covers solution of the nonlinear model.
The governing partial differential equation is discretized into a single-mode nonlinear
ordinary differential equation (ODE). Solution of the nonlinear ODE is analytically
approximated using the method of multiple scales. Results show that the single-mode
analytical solution is capable of capturing the nonlinear bending behavior missed by
the linearized model. It is also shown that limitations due to the system identifica-
tion data collection method affect the ability of the model to capture the degree of
nonlinearity present at lower strain levels. While this limitation has no observable
effect on the linearized system response, nonlinear modeling can benefit from further
work done in the low strain characterization of expanded polymer foam.
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An increasing interest in environmentally responsible product packaging has
heightened the focus on optimum protective package design. Many of these designs
utilize expanded polymer foam materials for energy absorption of shock and vibration
inputs encountered in the distribution environment. The focus of this work is to
address the lack of a comprehensive theoretical understanding of the physical behavior
of expanded polymer foams used in the packaging of products sensitive to mechanical
hazards. The primary objective is to develop an experimental identification technique
and a analytical model to capture the vibration response of this complex nonlinear
and viscoelastic system. Such a method and model can enable characterization of
these materials and improve optimum protective package design.
The intent of this Ph.D. dissertation is fourfold: first, to present a systematic
method to characterize the material behavior of expanded polymer foams; second, to
develop an exact analytical, distributed parameter model from constitutive relations
that reflect the nonlinear and viscoelastic nature of expanded polymer foams; third, to
consider the linearized model in examining the free and primary resonant response of
the system; and forth, to explore the ability of the numerical and analytical solutions
1
to qualitatively capture the nonlinear experimental behavior.
This introduction provides a background on the elements of protective pack-
aging design and lays the groundwork for this work. An overview of the fundamental
mechanical behavior of expanded polymer foam is presented to highlight the im-
portance of this behavior on the dynamic response of the foam. A review of foam
modeling techniques available in literature is conducted to illustrate the need for
this work. Finally, the motivating issues and resulting objectives of this study are
explained and the organization of the dissertation is outlined.
1.1 Background
1.1.1 Protective Package Design
Hazards encountered in the handling and transport of packaged products cause
significant product damage and losses. Product losses in distribution account for
nearly 14% of total sales in company losses every year [Schoettle, 2005]. Packaging
systems are designed and developed to mitigate these hazards and protect fragile
products from harmful environments. Since it is impractical to protect a product from
every event that could occur in the distribution environment, package design must be
a balance. Package designers seek to design a packaging solution that balances the
need for protection from hazards with the total cost to move a product from point
of manufacture to the customer. The optimum protective package is often defined
as the least cost option when considering packaging material cost and damage costs
as illustrated in Figure 1.1a. The assumption is that as more packaging material is
used correctly, product damage will decrease. The low point on the total cost curve
represents the optimum packaging solution.
2
Figure 1.1: Cost versus amount of packaging graphs. a.) without supply chain cost,
b.) with supply chain costs
3
An increasing emphasis is being placed on environmentally responsible packag-
ing, which includes minimizing material use, limiting the use of environmentally high
impact materials, and the reduction of overall packaged product size. In a New York
Times article [Deutsch, 2007], Wal-Mart stated that they will be packaging-neutral
by 2025. In other words, through recycling, reusing or perhaps even composting, Wal-
Mart will try to recover as much material as was used in the packaging that flows
through its stores. This puts increased pressure on suppliers to reduce the amount of
packaging materials they use.
Many consumer product and original equipment manufacturers are manufac-
turing product oversees, and therefore transportation costs are becoming a significant
portion of the total expense in getting product to consumer. For electronic consumer
products, this cost can be as high as 80 percent of the total cost to distribute prod-
uct [Daum, 2005]. Figure 1.1b illustrates the effect of this added cost on the optimum
protective package. Minimizing the volume of space a packaged product utilizes be-
comes more critical than even the cost of the materials used. This places packaging
materials under increased performance scrutiny in hopes of optimizing packaging de-
sign through minimizing waste, product damage, and packaged product density.
Distribution Environment Mechanical hazards encountered in the distribution
environment are grouped as shock inputs, compression forces, and vehicle vibrations.
These inputs damage products and degrade packaging materials. Shock inputs come
from a variety of distribution situations such as the acceleration and deceleration of
vehicles, coupling of railcars, manual or mechanical handling of packaged products,
and discrete inputs to vehicles such as potholes, railroad track joints or air turbulence.
Static compressive forces are found in the warehouse stacking of packaged products,
whereas dynamic compressive forces are found as stacked packaged products are sub-
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jected to vehicle acceleration. Vibration inputs encountered in distribution occur due
primarily to vehicle response to rough roads, railroad track irregularities, and engine
motion. These inputs are found in truck, rail, and air transport as well as the me-
chanical handling devices used to move packaged products such as fork trucks and
conveyor systems.
Product Fragility Arguably all products are packaged in some way for movement
from point of manufacturer or processing to the point of use or consumption. The
fragility of products is as diverse as the range of products that are packaged. When
considering product response to the typical mechanical hazards, industry accepted
methods exist for the determination of a product’s fragility. Shock fragility is often
quantified as a critical acceleration or critical velocity change necessary to damage a
product or a component inside a product during impact. The current techniques for
determining shock fragility are time domain based methods, however frequency based
methods using shock response spectrum are being applied. The American Society for
Testing and Materials (ASTM) publishes a standard to evaluate the shock fragility
of products using a shock machine, ASTM D3332 [ASTM, 2010a]. Two standards
exist for the assessment of a product’s vibration fragility, ASTM D3580 and ASTM
D5112 [ASTM, 2010b, ASTM, 2009]. Both methods enable the determination of the
natural frequencies of critical components within the product.
Packaging Materials Various types of cushioning systems are used to absorb en-
ergy upon product impact or during forced vibration. These systems are designed
to mitigate the damaging inputs encountered in the distribution environment. Vari-
ous closed-cell foams such as expanded polyethylene (EPE), expanded polyurethane
(EPU), expanded polystyrene (EPS), and expanded polypropylene (EPP) or blends
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of these materials are commonly used as cushion materials. These expanded polymer
materials are used extensively as packaging materials due to their relatively low cost,
lightweight, and ability to increase the duration of impact thereby decreasing the
peak acceleration.
Packaging Design Design of a protective package system requires knowledge of
the hazards that exist in the distribution environment, the fragility of the product
being shipped, and the performance of the materials used to mitigate these hazards.
Design tools exist for predicting the shock response of a product when dropped from
a given height on to a given thickness and surface area of a given cushion material.
These tools, called cushion curves, are based on significant laboratory testing, are
limited to the ranges of parameters used in testing, and are devoid of the physics of
the material during impact [ASTM, 2011, ASTM, 2008]. Figure 1.2 illustrates typical
cushion curves for different thicknesses of material when a mass is dropped from a
given drop height onto a sample of cushion material. These curves enable prediction
of the anticipated deceleration encountered versus the static load or static stress of
the loading condition.
The cushion curve tool is limited to shock response prediction only and does
not enable characterization of the frequency response of a given material. Although
often left to the end or ignored in packaging system design, frequency response can
be critical to the survivability of certain products when transported through the
distribution environment. The automotive, aerospace, and large appliance indus-
tries are examples of industries that have products for which frequency response of
transported products is important and yet there are no industry agreed upon stan-
dards for testing or design tools available for package designers. Some attempts have
been made to generate transmissibility plots using a sine-sweep with frequency range
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Figure 1.2: Sample cushion curve (Nova Chemicals) [Nova, 2013]
and sweep rate borrowed from existing product testing standards such as ASTM
D3580 [ASTM, 2010b]. Vibration sweep testing is performed on various thicknesses
of materials while loaded at various static stresses. The limitation of this technique
are that it assumes a linear-elastic material and results are limited to the sample
parameters at which the samples are tested.
Research conducted at Victoria University used a technique called Reverse
Multiple Input-Single Output (R-MISO) to demonstrate the differences between the
proposed technique and the Single Input-Single Output (SISO) technique of deter-
mining frequency response. A random Gaussian input was used to excite the system.
The nonlinear parameters were estimated by measuring the probability density func-
tion and its deviation from a Gaussian process due to the nonlinearity. Through
numerical analysis and experimental work, R-MISO was demonstrated to character-
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ize the response of a nonlinear stiff and nonlinear damped system to a broad-spectrum
input [Sek et al., 2007]. It was clearly illustrated that the frequency response based
on the R-MISO approach is quite different than the linear approach.
The stepped-sine technique has been used to capture the nonlinear frequency
response of expanded polymer foams. The technique involves statically loading a foam
sample and then exciting it until the system reached steady state. Magnitude and
phase data are recorded and the sinusoidal frequency is increased incrementally and
the process repeated. The data at many frequencies is used to generate a frequency
response plot [White et al., 2000].
1.1.2 Mechanical Behavior of Foam
Expanded polymer cushion materials exhibit a complex stress strain behavior
characterized by a cyclic softening, i.e., the Mullins effect [Mullins, 1948, Mullins and Tobin, 1957,
Mullins, 1969], a nonlinear stress-strain relationship, and creep, stress relaxation, and
hysteresis due to viscoelasticity. Each of these phenomena affect the dynamic response
of a system containing foam and hence are important in modeling.
Mullin’s Effect Typically, the Mullins effect is ignored in both experimental char-
acterization and modeling by cycling the material until the softening effect saturates.
Under steady state vibration conditions the effect disappears after several cycles of
“dynamic conditioning of the material” [White et al., 2000]. Although the Mullin’s
effect has been studied for more than six decades, there is no general agreement on the
physical source or modeling of this phenomena. Various theories such as chain break-
age at the interface between the rubber and the fillers, slipping of molecules, rupture
of the clusters of fillers, and chain disentanglements have been proposed in explana-
tion of this effect [Diani et al., 2009]. The softening effect in the foam material used
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in this study, Nova Chemicals’ Arcel R©, is significant as illustrated in Fig. 1.3. The
Mullin’s effect is immediately evident by the changes in slope observed from the virgin
loading curve to second loading curve. While the initial cyclic softening is large in this
material, its effect on vibration response is minimal due to the relatively low strain
levels experienced by packaged products in transport, and the fact that the softening
saturates after several cycles known as “dynamic conditioning” [White et al., 2000].





















 Curve Hysteries caused by 
repeated loading
and unloading
Figure 1.3: Example of Mullin’s effect: large deflection.
Viscoelastictiy: Stress Relaxation, Creep, and Hysteresis Stress-relaxation
and creep are both characteristics of viscoelastic materials. Stress-relaxation is best
illustrated by the time varying decay in stress in a material under constant strain.
Figure 1.4 shows the stress response to a step application of strain. Creep is an in-
crease in strain resulting from the application of constant stress. Figure 1.5 illustrates
a typical strain response from the application and removal of a step stress over time.
The initial application of the stress results in an instantaneous increase in strain fol-
lowed by a slow rise in strain. Similarly, upon the removal of the stress, there is an
9




















Figure 1.4: Stress relaxation test - step application of strain.
instantaneous drop in strain followed by a slow decay in the strain level.
The creep and stress-relaxation can be approximated by the following heredi-







The term E(t) is the relaxation modulus, σv the viscoelastic component of stress, ε the
strain, t time, and ξ the integration constant. The Boltzmann Superposition Principle
is fundamental to understanding the response of a viscoelastic material. This principle
states that each material loading step makes an independent contribution to the
total loading history or that the final deformation of a sample is the sum of each







where the relaxation modulus, E(t), is composed of a number, Nv, of viscoelastic
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Figure 1.5: Creep test - step application of stress.
moduli, E2i, and time constants, τi, where αi = 1/τi [Stark, 1990].
Combining Eq. (1.1) and (1.2), yields the following time dependent represen-










where Nv indicates the number of Prony series terms. Typically, the parameters of
the Prony series are obtained by curve fitting stress relaxation data [Austin, 1998].
Nonlinear Stress-Strain Relationship in Quasi-static Compression Expanded
polymer foams not only exhibits viscoelastic behavior, they have a complex nonlinear
stress-strain relationship. Figure 1.6 illustrates a stress-strain plot of a foam sample
undergoing uni-axial compression. Figure 1.6 has three distinct regions, denoted as I,
II, and III, respectively. The compression in region I results from elastic bending of
the cell walls and is associated with a softening spring effect. Compression in region
II, causes the cell walls to buckle and deflection occurs with relatively little increase
11
in force. Region III is the result of material compaction or densification associated
with a hardening spring [Leenslag, 1997]. Finally, Fig. 1.6 shows that irrecoverable
loss occurs when the loading enters region II and III; instead of returning to 0% strain
when no stress is present, there is a residual strain of approximately 20% when the
sample is loaded to 60% strain.


























Figure 1.6: Sample quasi-static compression response of cushion foam with initial
loading and unloading.
Typically, these materials are used in packaging systems designed to oper-
ate in regions I and II. The model in this study is limited to low strain levels,
i.e., region I. This is justified by the typically low static stresses (7-20 KPa) ex-
perienced by the material used in this study when used in protective packaging appli-
cations. In addition, typical truck trailer vibration acceleration levels of 0.25 to 0.50
g [Brandenburg and Lee, 2001] produce small amplitude vibrations that are thought
to produce linear responses.
Frequency Response Behavior Not only do the viscoelastic moduli (storage and
loss) of the cushion material under investigation have a nonlinear dependence on the
12
strain, and hence, the applied load; they also exhibit dependence on time and hence
the frequency as shown in Figure 1.7. This implies that for different loads and at dif-
ferent frequencies, this cushion material will exhibit a different steady-state response
behavior, which needs to be characterized both theoretically and experimentally.




































Figure 1.7: Storage and loss modulus versus excitation frequency.
The effect of these behaviors on the frequency response of a mass-loaded foam
sample is the focus of this work. The typical uniform frequency response of a mass-
loaded linear elastic system to a harmonic input is illustrated in Figure 1.8a. The
amplification of the input acceleration is observed to occur at and around the natural
frequency of the system, ωn. At each given frequency, there is a single point on
the frequency response curve or solution to the equation of motion. In a nonlinear
system, there can exist multiple solutions to the equation of motion at a particular
frequency, meaning that a couple of points on the curve are possible depending on
initial conditions of the system. A nonlinear frequency response curve is illustrated
in Figure 1.8b. The “jump phenomena” (an instantaneous jump from one point on
the curve to another) is observed. The location of the jump on the curve depends on
13
Figure 1.8: Frequency response curve, (a) Linear system, (b) Nonlinear system ex-
hibiting the “jump phenomena”.
the direction of the frequency sweep being performed. The implication of this effect
on a packaged product is that if a cushion material is selected based on a desired
frequency response using a linear system model, the actual frequency response could
be quite different and can vary based on input amplitude, mass-load, temperature,
and duration.
1.1.3 Modeling of Foam
1.1.3.1 Literature Review
Literature revels several approaches for modeling the nonlinear behavior of
expanded polymer foams. The most widely used approaches are as follows: 1.) The
nonlinear behavior is determined in terms of its density, porosity, and average dimen-
sion of the polymer cell. The constitutive relationship is determined by considering
the deformation of an individual cell under loading and extrapolated to a large number
14
of cells [Gibson and Ashby, 1997, Warren and Kraynik, 2011, Rodŕıgues-Pérez, 2005].
2.) Polynomials of various orders are used in modeling the nonlinear elastic behav-
ior [Banks et al., 1999, Jebur et al., 2011]. These polynomials only phenomenologi-
cally describe the material and are not subject to constraints that prevent behav-
ior such as initial residual stress. 3.) Hyperelastic constitutive relationships such
as neo-Hookean, Mooney Rivilin, or Ogden materials models [Banks et al., 1999,
Schrodt et al., 2005] are used to describe the nonlinear stress-strain relationship. In
this approach the material behavior is derived from a strain energy density function,
and the material is assumed to undergo large deformations.
Viscoelastic foams exhibit time dependent behavior and hysteresis under cyclic
loading. The damping in the steady-state forced vibration response of a system con-
taining foam can be attributed to this hysteresis. This behavior of the foams can be
modeled linearly by curve fitting the complex and loss moduli [Gent and Rusch, 1966]
or using hereditary integrals [White et al., 2000]. The energy dissipation present due
to the nonlinear viscoelastic behavior of polymers is captured through the use of
hereditary integrals [Banks et al., 1999] and internal variables [Banks et al., 2007]. It
should be noted that the foams may be modeled as having a combination of non-
linear and linear viscoelastic elements [White et al., 2000, Widdle et al., 2008]. The
viscoelastic behavior modeled in this dissertation is limited to that of linear.
The literature on rubber characterization is worth noting due to the fact that
rubber behavior shares many similarities with that of foam. The literature on rubber
offers an expanded view on the characterization and underlying physics that govern
the behavior of materials that have both a nonlinear stress-strain relationship and
are viscoelastic. Researchers extensively studied the behavior of rubber by fitting ex-
perimental data to a viscoelastic, Mooney Rivlin elastomer [Johnson et al., 1991]. A
viscoelastic hyperelastic Maxwell model was developed and internal variables used to
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capture the viscoelastic behavior [Johnson and Quigley, 1992, Johnson et al., 1992,
Johnson et al., 1993, Johnson et al., 2002, Johnson and Stacer, 1993]. Interestingly,
rubber models were the first to capture the viscoelastic behavior as a time depen-
dent version of the nonlinear elastic relationship. This differs from previous ap-
proaches used in modeling other polymers and has since been adopted to foam mod-
els [Mills, 2006]. This research points to a loss mechanism in the steady-state vibra-
tion of foams that is not linear.
While, the literature is filled with extensive research on static and quasi-static
characterization and finite element modeling of both rubber [Johnson et al., 1995]
and foams, our focus is not only on the material behavior of the foam but on an
analytical examination of how the material behavior affects the dynamic response of
a packaging system. It is with this goal in mind that we consider previous work in
the area of the dynamic response of packaging and other mechanical systems con-
taining foams. The dynamic response of packaging foams is often approximated
using an undamped or viscously damped, lumped parameter model to simplify anal-
ysis [Brandenburg and Lee, 2001, Goodwin and Young, 2011]. These simplifications
neglect the complex material behavior and viscoelastic energy dissipation exhibited
by systems containing these materials.
The research on the nonlinear dynamic response of foams is limited to open-cell
foams, i.e., foams where the internal gas pockets are interconnected. These foams are
used extensively in automobile seating applications. White et al. [White et al., 2000]
developed an experimental technique to determine both the nonlinear and viscole-
lastic properties of polyurethane foam based on a polynomial fit of the nonlinear
elastic behavior and a one term harmonic balance to examine the nonlinear response
of the system. Singh et al. [Singh et al., 2003a] estimated the dynamic properties of
polyurethane foam through a Prony series. Later, Singh et al. [Singh et al., 2003b]
16
extended the work of White et al. [White et al., 2000] to include a two-term harmonic
balance analysis. Additionally, they examined the effect of viscoelasticity on the dy-
namic stability of a foam seating system. Joshi et al. [Joshi et al., 2010] studied the
vibratory response of a nonlinear multi-body model of a seat occupant system con-
taining flexible viscoelastic polyurethane foam. These works considered the dynamic
response of the system while not explicitly examining the effect of the equilibrium
point on the response. They accomplish this by parameters fitting at a given static
stress using the dynamic response.
1.1.3.2 Standard Models
The standard viscoelastic element is a classical model tool used to capture the
creep and stress relaxation behavior of viscoelastic materials by approximating the
dependence of the anticipated moduli on time. The configuration of this model is
illustrated in Figure 1.9. The basic building blocks of this model are the Maxwell
element and Kelvin-Voigt element. The Maxwell element incorporates a spring and
dashpot in series as shown in Figure 1.10. This model is often used to represent a
fluid due to the fact that it can represent relaxation but creep comes out to be just
a linear function of time. The Kelvin-Voigt element consists of a spring and damper
in parallel and is used to represent the creep response of a solid viscoelastic material
as illustrated in Figure 1.11.
Reasonable accuracy using the classical models requires multiple elements due
to the need for multiple moduli and time constants to describe the material’s true
behavior. This multi-element model is referred to as the generalized Maxwell or
Maxwell-Weichert model. This model consists of a spring and Nv Maxwell model
elements in parallel with each other as shown in Figure 1.12. Typically, four to
ten Maxwell elements combined in parallel with a spring are required to enable the
17
Figure 1.9: Standard viscoelastic element.
Figure 1.10: Maxwell element - Stress Relaxation.
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Figure 1.11: Kelvin-Voigt element - Creep.
modeling of real materials [Jones, 2001].
Figure 1.12: Multiple standard element model.
Response to Harmonic Excitations Harmonic strain of an elastic material is
characterized by a stress response that is in phase with the strain. In a purely
viscous material, the stress and strain are 90◦ out of phase with each other. In a
viscoelastic material the stress lags strain by an angle between 0◦ and 90◦ as illustrated
in Figure 1.13. This phase lag leads to an energy loss in cyclic loading represented
by the area inside the loading and unloading ellipse that is typical of viscoelastic
systems.
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Figure 1.13: Viscoelastic material stress-strain phase shift.
In the frequency domain, the relaxation modulus is reformulated to express
the phase shift in the stress-strain relationship. Such a representation is obtained by
using the Laplace Transform and substituting s = iω into the Prony Series expression,







1 + îω 1
αi
, (1.4)
where E∗(ω) is known as the complex modulus. Equation (1.4) is rearranged by


























where E ′ and E ′′ are known as the storage and loss moduli, respectively. For a single
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Figure 1.14: Relationship between storage and loss modulus and the complex modu-
lus.
viscoelastic element, Equation (1.4) can be further simplified as
E∗(ω) = E ′(ω) + iE ′′(ω) = E ′(ω)(1 + iη), (1.7)
where η is the loss factor and is equal to the tangent of the angle δ as illustrated in
Figure 1.14. Typically, the storage modulus and loss factor for a viscoelastic solid
vary with frequency as illustrated in Figure 1.15, with storage modulus increasing
with frequency and a single peak in loss factor [Jones, 2001]. Note that the variation
illustrated is over a very large frequency range (eighteen decades).
1.2 Motivating Issues and Resulting Dissertation
Objectives
Recently the demands placed on the performance of expanded polymer cushion
materials has increased. The increasing complexity of the distribution environment
and the associated hazards of global distribution, the heightened focus on environ-
mentally responsible packaging solutions, and the need to reduce material use and
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Figure 1.15: Complex modulus and loss factor variation with frequency.
overall packaged product size to minimize cost have each contributed to this increased
pressure on cushion performance. A comprehensive theoretical understanding of these
materials and the availability of analytical tools for design will enable package design-
ers to better balance damage and material/transportation costs for a more optimum
protective package design. The following is a list of the motivating issues for this
work.
• Issue 1: It is documented within the packaging community that expanded
polymer cushion materials are nonlinear and viscoelastic, however there is a
lack of a comprehensive theoretical understanding of the effect of this behavior
on dynamic response. As a result, it is unknown how these material perform in
absorbing vibration energy.
• Issue 2: Although several techniques have been suggested to model the nonlin-
ear elastic behavior of protective packaging foam, there have been no published
models that incorporate the viscoelastic nature of these materials. Models in
packaging design texts make the assumption that the material is linear and
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viscously damped. There is a clear need for a model that captures the true
nonlinear and rate dependent nature of these materials.
• Issue 3: Techniques for identification of model coefficients for nonlinear vis-
coelastic automotive seat foam are based on least squares fitting of frequency
response curves. There is currently no record in literature of identification
techniques based on the quasi-static and stress relaxation behavior of cushion
materials.
• Issue 4: There are currently no packaging industry accepted methods for ex-
perimentally capturing the frequency response of cushion materials that are
sensitive to the nonlinear behavior of these materials. These materials are used
in packaging applications for the mitigation of transportation vibratory inputs
and experimental characterization of their response is necessary for verifying
design and the validation of models predicting their behavior.
The polymer foam Arcel R© is considered and systematically characterized to
determine its constitutive behavior and its dynamic response in an idealized packaging
system. Arcel R© is a closed cell foam blend of expanded polypropylene and expanded
polystyrene manufactured by Nova Chemicals Corporation and was selected due to its
widespread usage in packaging applications. Nova Chemicals Corporation does not
share its sales data publicly, but they have the capacity to produce 70 million pounds
of Arcel R© resin yearly [Nova, 2011]. The approach outlined in this manuscript is not
limited to this material but can also be applied to packaging systems composed of
different types of expanded polymer foams. To address the motivating issues, this
dissertation contains the following objectives:
• Objective 1: Develop a systematic method to characterize the mate-
rial behavior of expanded polymer foams. This method involves the use
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of static stress relaxation testing, quasi-static compression testing, and dynamic
frequency response testing.
• Objective 2: Develop an analytical distributed parameter model from
constitutive relations that reflects the nonlinear and viscoelastic na-
ture of expanded polymer foams. To accomplish this, a classical modeling
approach is employed that captures the nonlinear stiffness with a polynomial
and the the rate dependent energy dissipation as Prony series.
• Objective 3: Use the analytical model to examine the free response of
the system and predict its dynamic response to a range of sinusoidal
excitations. Hammer impact testing and forced vibration testing is used to
characterize the free and forced vibration response for validation of the exact
solution. The focus is on the long-time, steady-state vibration response.
• Objective 4: Develop a reduced-order model of the distributed pa-
rameter system as a simplified tool for prediction of the free and
forced vibration response. To accomplish this, the governing partial differ-
ential equation is discretized into a system of ordinary differential equations.
A convergence analysis of the reduced order model solutions to the exact solu-
tions is performed for free and forced vibration. The model is validated using
experimental data.
• Objective 5: Explore the behavior of the complete nonlinear govern-
ing equation and its ability to capture the forced vibration response
of the system in the nonlinear response region. Numerical integration
of the governing equation is used to study the qualitative model behavior. The
method of multiple scales is used to analytically approximate a single modal
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equation response for the purpose of adequately capturing the qualitative be-
havior of the system.
1.3 Dissertation Outline
The remainder of this dissertation is organized as follows. In Chapter 2, the
governing partial differential equation is developed from constitutive relations for a
continuous rod. Static and quasi-static test data is used to identify the parameters of
the governing equation. The identified nonlinear partial differential equation is used
to predict equilibrium positions. In Chapter 3, the exact solution of the linearized
partial differential equation is examined in its ability to predicted the free and forced
vibration response of the simulated packaged product system. Chapter 4 covers the
development of a reduced-order model and the study of its convergence to the exact
solution. Experimental, free, and forced vibration response data is used to to verify
the efficacy of the model. In Chapter 5, the primary resonance behavior of the
complete nonlinear model is predicted through the use of numerical integration. The
method of multiple scales is used to analytically solve the model and a case is made
for its sufficiency in capturing the qualitative behavior of the system. Chapter 6




Equation of Motion and System
Identification
This chapter presents a distributed-parameter model which governs the uni-
axial vibrations of a mass-loaded, viscoelastic Arcel R© rod. Figure 2.1 illustrates the
configuration of the system. The variables L, ρ, and A are, respectively, the length,
density, and cross-sectional area of the rod, and M represents the tip-mass. The
relative motion, uR(x, t), represents the motion of the tip-mass with respect to that








(x,t) is the motion












Figure 2.1: Schematic of a viscoelastic bar in uniaxial vibration.
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of the relative motion and the motion of the base defined as
u(x, t) = uR(x, t) + uB(t). (2.1)




Figure 2.2: Free body and kinetic diagram of a differential mass of cushion material.
of the forces in the x direction yields
P (x, t) +
∂P (x, t)
∂x




where the force, P , is related to the stress, σ, and area, A, by P = σA. In this work,
the stress-strain relationship of Arcel R© is assumed to be nonlinear elastic and linear
viscoelastic. This is further confirmed by experimental data as will be shown in the
following sections. In this case, we can write
σ(ε) = fN(ε) + fV (ε), (2.3)
where ε is the strain, fN(ε) is a function which describes the nonlinear elastic stress-
strain dependence, and fV (ε) describes the viscoelastic stress-strain dependence. The
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where E1k are the elastic compliance coefficients and Ne is the minimum number of
terms necessary to capture the nonlinear stress-strain dependence.
The viscoelastic component of the stress-strain relationship can be obtained
by assuming the stress in a sample at any instant in time is dependent on a super-
position of the previous stress states as captured by the Boltzmann Superposition
Principle. Such a behavior can be approximated by a number of springs and dampers
connected in either series or parallel. In this work, we use the Maxwell-Weichert
model, where the viscoelastic behavior, fV (ε), is modeled using Nv Maxwell model
elements in parallel with the nonlinear elastic element fN(ε) as shown in Fig. 2.3.
Each of these elements consists of a spring with a modulus E2i and a damper with
viscosity η2i [Jones, 2001]. Upon using this approximation, the function, fV (ε) can
be expressed as















where E2i are the viscoelastic moduli, t is time, ξ is the constant of integration, and





In Eq. (2.5), the Prony series,
∑Nv
i=1E2ie
−αit, represents the contribution of the indi-
vidual Maxwell elements in the Maxwell-Weichert model. Furthermore, the integral
results from the Boltzmann Superposition Principle and captures the time-history
dependence of the viscoelastic component.















Using Eq. (2.7), and knowing that ε = ∂uR/∂x, the governing partial-differential































































where a viscous damping term, Ce∂uR(L, t)/∂t has been added to represent an exter-
nal viscous energy loss.
2.1 Elastic Compliance Coefficients
Equation (2.8) contains several unknown parameters that cannot be easily
described using analytical modeling techniques and are specific to the material under
study. These include the elastic and viscoelastic compliance coefficients E1k, E2i,
and αi. To obtain these unknowns, we revert to a system indentification approach.
Since at steady-state, under static loading; i.e. t → ∞, the viscoelastic component
of the stress-strain relationship vanishes, we use static tests to determine the elastic
compliance coefficients, E1k. To obtain the static position, we set the time derivatives












where the boundary conditions reduce to










Here, us(x) represents the static equilibrium position.
To determine the unknown coefficients, the boundary condition at the rod/-
mass interface, Eq. (2.11), is used. To that end, a test setup which mimics the
behavior described by Eq. (2.11) is designed using a Satec T10000 universal tester.
Specimens were cut to a nominal length and width of 7.62 cm × 7.62 cm and a nomi-
nal thicknesses of 5.08 cm. The specimens were then weighed for density verification.
The mean density of the specimens prepared was 20.40 kg/m3 with a standard devia-
tion of 0.58 kg/m3, a maximum of 21.88 kg/m3 and a minimum of 19.51 kg/m3. The
published density for this material is 20.02 kg/m3. Test samples were conditioned
at 23◦C and 50% relative humidity for a minimum of 24 hours prior to testing per
ASTM D3575 [ASTM, 2007]. All testing was conducted in a temperature controlled
laboratory in which temperature varied between 23◦C and 25◦C.
Practical application of Arcel R© foam for protective packaging involves low
static load conditions. Cushion systems are designed to operate in regions I and II
for shock isolation, Fig. 1.6. Since the focus of this work is on the vibration response
of this material, the low static loads combined with the small amplitude vibratory
inputs lead to small static strains contained within Region I. Given these low strain
levels, the quasi-static response at a low strain rate is sufficient to characterize the
steady-state material response.
The steady-state stress-strain behavior of Arcel R© was characterized using the
average of the quasi-static compression data collected from three different foam speci-
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mens individually compressed at a loading rate of 5 mm/min [Piero and Pampolini, 2009].
Figure 1.6 shows the stress response from a typical test. The initial hardening be-
havior observed in the data does not represent a property of the material but rather
the take-up of slack and alignment or seating of the specimen. This initial hardening
data is referred to as tow compensation [ASTM, 2010c]. It was removed prior to
curve fitting. A least-squares fit with a zero constant term was used for fitting the
best polynomial to the average curve and took the following form
σ(ε) = E11ε+ E12ε
2 + E13ε
3. (2.12)
Figure 2.4 illustrates the raw data, curve fit, and resulting polynomial coefficients.
Note that this polynomial is limited in that it only phenomenologically describes the
stress-strain behavior of the material in the orientation tested and is not a formal
constitutive relationship.



















Figure 2.4: Nonlinear elastic stress-strain relationship and polynomial approximation.
Arcel R© exhibits a strain cycle softening phenomena referred to as the Mullin’s
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effect as depicted in Fig. 1.3. It was believed that using the quasi-static compression
response would be further complicated by the cycle dependent stiffness of the mate-
rial. However, due to the relatively low strain levels encountered in typical packaged
product vibration, the Mullin’s effect was minimal in affecting the modulus of the
foam. Figure 1.3 illustrates the stress strain response of the material having under-
gone several compression-relaxation cycles. Note, that for small deflections considered
in this study, Fig. 2.5, the slope of the first loading curve is very similar to the slope
of the subsequent loading curves. Furthermore, the cyclic softening stabilizes after a
few cycles.





















Hysteries caused by 
repeated loading
and unloading
Figure 2.5: Example of Mullin’s effect: small deflection.
2.2 Viscoelastic Compliance and Time Constant
The governing PDE, Eq. (2.8), describes the behavior of Arcel R© as a super-
position of the elastic polynomial stress-strain dependence and a linear viscoelastic
component made up of a Prony series. With the elastic stress-strain dependence iden-
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tified, the time dependent Prony series coefficients, E2i and αi, are identified using
the material’s stress-relaxation behavior. The stress-relaxation test is the stress re-























To obtain the unknown coefficients E2i and αi, Eq. (2.14) was fit to four different
stress relaxation data sets using the constrained nonlinear, multivariable optimiza-
tion function, fmincon, in MATLAB R© following the work of Austin [Austin, 1998].
Variation of the four sets of coefficients was explored and found to be minimal re-
sulting in the use of the average values for each term. The number of Prony series
terms was varied between one and ten to determine an optimum number of terms to
capture the behavior.
Stress-relaxation tests were performed at various strain levels between 2 and
5%. Specimens were prepared as previously discussed and a step strain applied using a
Satec T10000 universal tester. Stress response was recorded for nine hours, Fig. 2.6.
After six hours the changes in the stress were minimal, and although a secondary
relaxation continued beyond nine hours, it was not of interest in this study, since it
is well beyond the time scale of the period of the typical excitation.
Over the strain range tested, variation of E2i and αi was small, thus the
average values for both parameters over the four tests were used. The predicted data
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Figure 2.6: Stress-relaxation test data, 4% strain, nine hour test.
points were compared to experimental data curves for validation. The accuracy of
the prediction was measured by calculating both the relative error and sum of the
squares error (SSE). Figure 2.7 illustrates an example of the comparison between the
predicted time response and the experimental data and the associated relative error.
Table 2.1: Comparison of the sum of squares error statistics for an increasing number
of Prony series terms.
SSE Mean Std. Dev. Maximum Minimum
1 Term 1.21× 10−3 9.48× 10−4 2.48× 10−3 2.73× 10−4
2 Term 3.76× 10−4 2.41× 10−4 6.69× 10−4 7.81× 10−5
3 Term 1.85× 10−4 1.10× 10−4 2.80× 10−4 2.69× 10−5
4 Term 1.85× 10−4 1.10× 10−4 2.80× 10−4 2.69× 10−5
5 Term 1.85× 10−4 1.10× 10−4 2.80× 10−4 2.69× 10−5
6 Term 1.78× 10−4 1.06× 10−4 2.74× 10−4 2.55× 10−5
7 Term 1.80× 10−4 1.07× 10−4 2.73× 10−4 2.57× 10−5
8 Term 1.78× 10−4 1.07× 10−4 2.75× 10−4 2.57× 10−5
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Figure 2.7: Three term Prony Series fit with a step strain of 0.02 m/m: Predicted
and experimental data and associated relative error - best fit.
Table 2.1 contains the summary statistical SSE data for increasing number of
Prony series terms. The maximum mean error occurs for a one term Prony series
and the minimum mean error for an eight-term Prony series at 1.21 × 10−2 and
1.78 × 10−4 respectively. Beyond three terms, the addition of more terms has very
little influence on the SSE. This yields to the conclusion that, based on fit of the
stress relaxation data, three terms are sufficient to predict the viscoelastic behavior
of the system. Figure 2.8 further illustrates a comparison between the predicted and
experimental time history data using the coefficients of the three term Prony Series




































































































































































































































Figure 2.8: Optimized three-term Prony series predicted versus experimental data:
a) strain of 0.02 mm/mm, b) strain of 0.03 mm/mm, c) strain of 0.04 mm/mm, and
d) strain of 0.05 mm/mm.
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α1 1.07× 10−4 1/s
α2 1.77× 10−3 1/s
α3 1.00× 103 1/s
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Chapter 3
Exact Solution of the Linearized,
Viscoelastic Model
This chapter presents the solution to the linearized eigenvalue problem and the
steady-state forced vibration problem for the distributed parameter, viscoelastic rod.
Both problems are analytically solved and used to study the solution convergence for
the use of an increasing number of viscoelastic terms. The solutions are validated
experimentally through the use of a hammer impact test and forced vibration test.
3.1 Eigenvalue Problem
Now that the unknown parameters are identified using experimental tech-
niques, we turn our attention to analyzing the dynamics of the rod. In order to cap-
ture the modal frequencies of the system, a perturbation, û(x, t), is assumed about a
static equilibrium position, us(x), such that
uR(x, t) = us(x) + û(x, t), (3.1)
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and the motion of the base and external damping coefficient are assumed to be zero,
i.e. uB(t) = 0 and Ce = 0. Expanding the partial differential equation (PDE),
































and the boundary conditions become




























where us(x) = εx.
Here, the nonlinear terms in the PDE and boundary conditions are neglected
upon expansion about the static position. Note that the influence of the nonlinear-
ity still appears in the linearized response due to the expansion about a non-zero
equilibrium position.
The non-homogeneous Robin boundary condition makes finding the exact
mode shapes directly a difficult task. Following the prior work of Gurgoze and
Zeren [Gurgoze and Zeren, 2006] to obtain the modal frequencies and shapes of the
rod, we use the separation of variables technique and assume û(x, t) = Û(x)eλt. Sub-
stituting this expression into Eqs. (3.2) and (3.3), we obtain the following ordinary
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Û(x) = 0, (3.4)
and










) Û(L) = 0. (3.5)
where Û(x) and λ are unknowns and E∗ represents the linear terms remaining after
the expansion of the elastic stress-strain polynomial about the static position ε, E∗ =
E11 + 2E12ε+ 3E13ε
2. Equation (3.4) admits a solution of the form
Û(x) = C1e
λ̄x + C2e








Note that substituting îω for λ and dividing by αi in the denominator of Eq. (3.6)
yields the expression for the complex modulus, E,









Separating the real and imaginary parts of Eq. (3.7), yields


























where E ′ and E ′′ are known as the storage and loss moduli, respectively. Study of the
variation of these moduli with frequency is typically used to explain the frequency
dependent behavior of viscoelastic material.
To obtain the unknown λ̄, we substitute Eq. (3.6) into the Robin boundary
condition, Eq. (3.5), to obtain the transcendental characteristic equation
1 + αmλ̂ tanh λ̂ = 0, (3.10)
where




The roots of Eq. (3.10) are imaginary and are used to find λ̄2 from which λ can
be determined from the polynomial in Eq. (3.6). Applying the Dirichlet boundary
condition, Û ′(0) = 0, to Eq. (3.6), yields
Ûi(x) = C(e
λ̄ix − e−λ̄ix), (3.12)







Equation (3.10) has infinite number of roots each corresponding to a mode
of vibration of the system. These roots are not the poles of the system. The poles
are determined by substituting a given characteristic root, λ̂ or equivalently λ̄, in
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Eq. (3.6) and solving for λ. The expression for λ̄ in Eq. (3.6) has Nv + 2 roots in
λ, i.e., for every mode of vibration there are Nv + 2 roots. The Nv roots equal the
number of Prony series terms and represent the damped components of the motion,
while the remaining two roots are a complex conjugate representing the oscillatory
components of the motion.
3.1.1 Convergence of the Modal Frequencies
The frequencies of the first five modes were calculated using a Prony series in
which the number of terms are varied from one to seven. Table 3.1 lists the exact
modal frequencies calculated using an increasing number of Prony series terms at a
static stress of 7.17 KPa. Based on the Prony series fit of the stress-relaxation data,
three terms were found to be sufficient to minimize the error when comparing the
predicted to experimental data. Inspection of the results in Table 3.1 indicates that
three Prony series terms are insufficient, and four or more are needed to predict the
modal frequencies. It is concluded that further insight into the optimum number of
Prony series terms is gained by plotting the variation of the storage and loss modulus,
Eqs. (3.8) and (3.9), over a range of frequencies, Fig. 3.1. Considering the frequency
range of interest in this work, 30-60 Hz, four Prony series terms are sufficient to
converge on the storage modulus, but five terms are necessary to accurately capture
the loss modulus. As expected, the modal frequencies of the system without including
the viscoelastic terms are all below the frequencies of the system with viscoelasticity.
The percent differences between the modal frequencies using a seven term Prony
series and those using the elastic system only are, 5.0%, 6.4%, 6.6%, 6.7%, and
6.8% respectively. Comparison indicates the importance of including viscoelasticity
in prediction of the modal frequencies. Note that the error increases for higher modal
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Table 3.1: Comparison of exact modal frequencies for 1-7 Prony series terms to the
elastic system and the purely linear system, static stress - 7.17 KPa.
Prony Series f1 (Hz) f2 (Hz) f3 (Hz) f4 (Hz) f5 (Hz)
1 term 44.34 3685.76 7370.71 11055.85 14741.03
2 term 45.41 3774.53 7548.25 11322.14 15096.08
3 term 45.16 3873.61 7746.69 11619.89 15493.12
4 term 45.75 3812.96 7642.33 11493.59 15360.96
5 term 45.68 3833.36 7677.43 11536.05 15405.29
6 term 45.72 3838.73 7686.82 11547.44 15417.21
7 term 45.69 3858.13 7733.65 11609.94 15485.26
Elastic 43.44 3610.48 7220.17 10830.05 14439.95
Purely Linear 44.74 3719.13 7437.45 11155.95 14874.50
frequencies further indicating the need for more Prony series terms in predicting
these higher frequencies. Table 3.1 also illustrates the importance of including the
additional linear terms remaining from the expansion of the nonlinear elastic stress-
strain polynomial about the equilibrium position, E12 and E13, in E
∗. Failure to
include these terms results in artificially higher modal frequencies as seen in comparing
the purely linear and elastic frequencies in Table 3.1.
Figure 3.2 illustrates the convergence of the fundamental frequency graphically
at each of the three static stresses evaluated, 7.17, 10.41, and 13.72 KPa. The results
indicate that the fundamental frequency converged quickly within four Prony series
terms since it is dependent primarily on the storage modulus. This could lead to the
conclusion that only four terms are necessary to capture the free vibration response
of the system, however study of the loss modulus convergence necessitates the use of
five Prony series terms. This is two more terms than the three determined from study
of the mean error convergence from the stress-relaxation data fit. Such higher order
Prony series terms become important in capturing the response at higher frequen-
cies which are not necessarily evident in the slow evolution of the stress-relaxation
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Figure 3.1: Storage and loss modulus as a function of frequency for three to seven
Prony series terms
response. Table 3.2 contains the coefficients of the five term Prony series used in the
remainder of this paper.
Figure 3.2 also illustrates the fundamental frequency of the purely elastic sys-
tem as compared to the converged frequency of the viscoelastic system. As expected,
the fundamental frequency of the elastic system is less than that of the viscoelastic
system for all static stresses. Since the modal frequency of a system with viscoleas-
ticity is dependent on the storage modulus, the modulus of the system will always
be greater than that of the purely elastic system, E∗, by the viscoelastic modulus,
Eq. (3.8). Note that in Fig. 3.2, the difference between the purely elastic frequency
and the converged viscoelastic frequency decreases as the static stress increases. This
behavior is explained by considering the variation of the two components of the stor-
age modulus with frequency, Fig. 3.3. As the natural frequency decreases due to the
increasing static stress, the elastic modulus remains constant, however the viscoelastic
component of the modulus decreases forcing the converged natural frequency of the
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α1 1.07× 10−4 1/s
α2 1.77× 10−3 1/s
α3 3.16 1/s
α4 562 1/s
α5 1.00× 105 1/s
system with viscoelasticity to decrease with respect to the elastic system frequency.
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Figure 3.2: Convergence of fundamental frequency for an increasing number of Prony
series terms compared to the fundamental frequency of just the elastic system (indi-
cated by the horizontal line). Comparison at various static stresses: a) 7.17 KPa, b)
10.41 KPa, c) 13.72 KPa.
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Static Stress: 7.17 KPa
Static Stress: 10.41 KPa
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Figure 3.3: Components of the storage modulus versus frequency for three static
stresses and five Prony series terms.
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3.1.2 Experimental Validation
Validation of the eigenvalue problem solution was conducted using a modal
impact hammer. A test fixture was developed that constrained motion of the material
specimen to that of uni-axial motion, ensured contact between the tip-mass and
specimen, and enabled tip-mass variation. Impact tests were performed at various
static stresses and sample thicknesses.
The experimental fixture consisted of two aluminum platens and four guide
rods. The upper platen moves along the guide rods on linear ball bearings. The
fixture, Fig. 3.4, was designed and built to restrict movement of the mass to that
of uni-axial, vertical motion and was based on the fixture specified by White et
al. [White et al., 2000]. Each specimen was glued to the top and bottom platens to
ensure contact at all times. All samples were atmospherically conditioned at 23◦C
and 50% relative humidity for a minimum of 24 hours prior to testing, however testing
was conducted in an open laboratory with temperature variations of 23◦ ± 2◦C and
uncontrolled relative humidity.
Figure 3.4: Experimental test fixture.
The free vibration response of the system was explored using a modally tuned
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Table 3.3: Primary modal frequency comparison between experimental impact ham-
mer results and exact solutions using a five term Prony series.
Static Stress Fn1exp Fn1pred Percent Difference
7.17 KPa 46.88 Hz 45.68 Hz 2.63%
10.41 KPa 40.62 Hz 37.25 Hz 9.05%
13.72 KPa 34.38 Hz 32.04 Hz 7.30%
impact hammer, PCB Piezotronics, Model: 086C02. A total of five impacts were
made on each specimen, and the data for each specimen was averaged to produce
a frequency response plot and coherence plot at each static stress. The coherence
remained one through out the frequency range of interest assuring sufficient input
energy. Resolution of the second natural frequency was challenging due to high fre-
quency components in the test fixture that are close to the second modal frequency
of the sample. The comparison was made for the primary natural frequency only.
Table 3.3 lists a comparison of the first modal frequency to the exact eigenvalue
problem solution predictions at each of the static stresses used throughout the study.
Further validation of the model was achieved at other static stresses and a different
foam sample thickness of 7.73 cm, Table 3.4. The percent difference between the pre-
dicted and experimental natural frequencies ranged from 2.63 to 9.05% due in part
to density variation between samples (19.51-21.88 kg/m3) discussed in further detail
in Appendix A.
3.1.3 Viscoelasticity Effect
Viscoelasticity by definition is a frequency dependent behavior. Both the
energy storage and dissipation are functions of the excitation frequency. Figure 3.5
illustrates variation of the storage and loss moduli with frequency for a five-term
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Table 3.4: Primary modal frequency comparison between experimental impact ham-
mer results and exact solutions for 7.73 cm thick foam samples at various other static
stresses.
Static Stress Fn1exp Fn1pred Percent Difference
5.52 KPa 40.00 Hz 43.51 Hz 8.78%
8.76 KPa 32.50 Hz 33.96 Hz 4.49%
11.93 KPa 27.50 Hz 28.49 Hz 3.60%




































Figure 3.5: Variation of storage and loss modulus with frequency - static stress, 7.17
KPa.
Prony series fit at a static stress of 7.17 KPa. The storage modulus is 3.11 MPa at
the primary modal frequency while the corresponding loss modulus is only 0.03 MPa.
The effect of the loss component on the material behavior is minimal at the primary
modal frequency. Although outside the scope of this study, the optimum frequencies
for material energy dissipation require plotting these moduli over many decades of
frequency.
Characterization of the energy losses in the fixture was performed by compar-
ing the free vibration response of the test fixture with a foam sample to the response
of the fixture with a ground-end steel spring. A hammer impact test was conducted
51
and the time domain results plotted in time normalized with the natural time period
of each system’s response, Fig. 3.6. The free vibration decay was similar for both
the test fixture with foam and steel spring. The approximate viscous damping ratios
of the systems were calculated using the logarithmic-decrement method as 0.03 for
the foam sample system and 0.02 for the steel spring system. This result is con-
sistent with the low loss modulus calculated and indicates that the primary source
of damping in the foam/test fixture system is the movement of the tip-mass on the
guide rods and not the material itself. Consequently, one can safely conclude that
Arcel R© and potentially other expanded polymer foams used in packaging systems,
while primarily designed for shock absorption, are not ideal for the rejection of low
frequency vibratory inputs.
3.2 Steady-State Forced Vibration
The exact solution of the forced vibration problem is realized by decomposing
the governing equation into a superposition of two parts. Since only the steady-state
behavior is of interest, the problem can be simplified to a single part. A harmonic
excitation of the form, üB = Ge
îΩt, is assumed and used as input to study the steady-
state dynamics of the forced vibration case.
The exact solution to the governing PDE, Eqs. (2.8) and (2.9), is decomposed
into two parts
uR(x, t) = u1(x, t) + u2(x, t), (3.14)
where u1 satisfies the PDE and initial conditions with zero boundary conditions, and
u2 satisfies the PDE with the boundary conditions and no specific initial conditions.
As in the case of the eigenvalue problem, only the linear behavior is of interest,
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Figure 3.6: Free vibration decay of the upper platen of the test fixture versus time
normalized by the natural time period of oscillation with: a) steel spring only (natural
period = 0.22s), b) foam sample only (natural period = 0.02s).
and therefore the nonlinear terms are neglected after expansion about the equilib-
rium point. Assuming the initial conditions of the system are uR(x, 0) = f(x) and


























u1(0, t) = 0, u1(L, t) = 0,
u1(x, 0) = f(x)− u2(x, 0),
u̇1(x, 0) = g(x)− u̇2(x, 0). (3.16)


























































Since the first part of the decomposition is damped and unforced, the response
will decay in time and not contribute to the steady-state solution. The first term,
u1(x, t), can be negated and only the second part of the solution is necessary to
solve for the steady-state behavior, [Seuaciuc-Osorio, 2009]. The solution, u2(x, t) =
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Ū ′′(x) + ρΩ2Ū(x) = ρG. (3.19)
Equation (3.19) reduces to a second-order differential equation which when solved
with the associated boundary conditions, results in the following expression for the
steady-state, relative displacement, uR.








cos(λL) +MΩ2 − CeîΩ
]
D −MG
Ēλ cos(λL)−MΩ2 sin(λL) + CeîΩ sin(λL)















Verification of the steady-state response was performed using a step-sine vibra-
tion test in which each specimen was statically loaded for three hours prior to testing
and then excited harmonically at a set frequency and amplitude until the system
reached steady state. Magnitude and phase data were recorded and the frequency
was step increased 0.25 Hz, and the process repeated until well past the system’s
primary resonance. The process was then immediately repeated only the frequency
step direction was reversed from above the primary resonance to below the primary
resonance. This data was then used to generate a frequency response plot that is
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sensitive to the nonlinear behavior of the material.
Comparison of the experimental data and predicted exact solution was con-
ducted for a static stress of 7.17 KPa and a small base excitation for which the
response was nearly linear (0.10g), Fig. 3.7, and a higher base acceleration for which
the system exhibited a clearly nonlinear response (0.25g), Fig. 3.8. Both of these ex-
perimental responses indicate a slight nonlinear, softening spring behavior observed
in the bending of the frequency response curve to the left. The exact solutions were
generated with five Prony series terms and are nearly identical to the experimental
curves in magnitude, center frequency, and bandwidth near the primary resonance
for both acceleration levels. However, a complete nonlinear model of the system
is required to predict the bending in the frequency response for the higher level of
acceleration. The development, analytical solution, and validation of the complete
nonlinear model is the subject of Chapter 5.
























Figure 3.7: Experimental frequency response and analytical solution comparison -
static stress, 7.17 KPa at 0.10g.
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Figure 3.8: Experimental frequency response and analytical solution comparison -
static stress, 7.17 KPa at 0.25g
3.2.2 Viscoelastic Effect
Further validation of the minimal contribution of the cushion material to en-
ergy dissipation is observed in the model prediction of the steady-state frequency
response with and without the external viscous damping term included as depicted
in Fig. 3.9. The external energy dissipation due to the movement of the guided up-
per platen is clearly much greater than that from the material damping in the foam
around the primary resonance frequency. This further suggests that Arcel R© is not
a good energy dissipator around the typical low frequency vibration encountered in
packaged product distribution. Due to the viscoelastic material behavior range char-
acterized, Fig. 3.5, the ability of the foam to absorb energy appears to increase as the
frequency of excitation increases, thereby improving the ability of Arcel R© to dissipate
energy at higher excitation frequencies.
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Figure 3.9: Primary frequency response with and without external test fixture damp-
ing - static stress, 7.17 KPa at 0.10g input.
58
Chapter 4
Assumed Modes Solution of the
Linearized, Viscoelastic Model
This chapter presents the formulation of a reduced-order model (ROM) to
analyze the free and force vibration response. The formulation is based on using
the modes of a fixed-free, continuous rod [Rao, 2007] as admissible functions. In both
cases, this results in a single scalar equation of motion for a single mode approximation
and a system of matrix equations for a multiple mode approximation.
4.1 Free Vibration
The admissible functions of a “fixed-free” beam can be written as




where Cn is arbitrary constant ranging from n = 0, 1, 2, ..., N , where N is the number
of modes, and L the length of the rod. The spatial-temporal displacement can be
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where ηn(t) are the temporal coordinates. These modes satisfy the Dirchlet boundary
condition, û(0, t) = 0 . However, they only approximately satisfy the Robin boundary
condition, Eq. (2.9).
In solving for the free vibration response, the mode shapes in Eq. (4.1) are
substituted into the governing partial differential equation (PDE), Eq. (2.8), with
uB(t) = 0. Equation (2.8) is linearized, multiplied by each individual admissible
function, and integrated over the spatial domain to obtain the following matrix ordi-
nary differential equation (ODE)









dξ = 0. (4.3)
where Nv indicates the number of Prony series terms and the matrices Me, Ce, Ke,
and Kv are defined as























U1(L)U1(L) U1(L)U2(L) . . . U1(L)Un(L)










U1(L)U1(L) U1(L)U2(L) . . . U1(L)Un(L)






































































where E∗ = E11 + 2E12ε̄+ 3E13ε̄
2.
Next, we let η̃ = Ãeλt, where Ã are the eigenvectors and λ are the associated
eigenvalues, then substitute into Eq. (4.3). The term eλt factors out yielding the












Ã = 0. (4.4)
Solving Eq. (4.4) yields the approximate eigenvalues which can be used to find the
modal frequencies of the system. The system is studied without the external damping
term, Ce, since its effect on the natural frequency is minimal.
4.1.1 Experimental Validation
The polynomial eigenvalue problem, Eq. (4.4), is solved in MATLAB R©. The
function polyeig is used to determine the eigenvalues of the free vibration system.
There were combinations of the number of Prony series terms and the number of
modal equations for which the solver could not calculate all of the roots of the eigen-
value problem. Beyond two Prony series terms, the solver could not determine fre-
quencies beyond the first natural frequency. As concluded in Chapter 3, four or
more Prony series terms are necessary to predict higher modal frequencies accurately,
however three terms are sufficient to capture the first natural frequency with reason-
able accuracy. The inability of the ROM to predict the higher modes of vibration
suggests: 1) a need to use a more robust solver/strategy to find the modal frequen-
cies, and that 2) the mass matrix, Me, and tangent stiffness matrix, Ke, maybe
ill-conditioned [Ruhe, 1973]. Regardless of the cause of the problem, typical distri-
bution vehicle vibration energy occurs at frequencies less than 200 Hz [ISTA, 2012].
The exact solution of the second natural frequency is 3774.53 Hz which is well beyond
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Figure 4.1: Convergence of ROM prediction of first mode with three Prony series
terms, a) f1 versus mode number as compared to the analytical solution and ex-
perimental data b) relative error between ROM and analytical solution versus mode
number.
the frequency range of practical interest. Convergence analysis is therefore limited to
the first natural frequency which could be identified for a system with three Prony
series terms.
Figure 4.1 contains a plot of the the first modal frequency predicted by the
ROM when considering three viscoelastic Prony series terms and one to twenty modal
equations. As expected, the first natural frequency predicted by the ROM converged
to the exact solution as the number of modal equations increased. Ten modal equa-
tions were necessary to reduce the relative error to an acceptable, 1.04%.
In Chapter 4, the experimental first natural frequency is measured as 46.88 Hz
under a static stress of 7.17 KPa using an impact hammer test. Comparison between
this experimental natural frequency and that predicted by the ROM reveals that for
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more than one modal equation, the ROM prediction is closer to the experimental
value than the exact solution. This has the unusual result of the semi-analytical
model matching the experimental data more accurately than the analytical solution.
The reason behind this behavior is unclear but is most likely due to small variations
in the density used in the model used to determine the modal frequencies and the
density of the sample used in the experimental analysis: small shifts in density can
affect the both the mass and stiffness of this system as described in more detail in
Appendix A and illustrated in Fig. A.1.
4.2 Forced Vibration
In solving the forced vibration problem, we start with Eq. (2.8) and modify
























M ¨̂u(L, t) + Ce ˙̂u(L, t) +MüB(t)
]
δ(x− L). (4.5)
We discretize the PDE in Eq. (4.5) using the assumed mode shapes in Eq. (4.1). The
resulting system of ODEs can be written in matrix form as









dξ = MBüB. (4.6)
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The excitation is considered to be harmonic and of the form üB = Ge
îΩt. To find
the solution of Eqn. 4.5, we assume the temporal components of the response are of
the form η̃ = B̃eîΩt yielding
[(








Solving Eq. (4.7) for the temporal vector of amplitudes, B̃, allows the relative dis-






Equation (4.8) enables the prediction of the relative displacement at any point along
the length of the foam rod. In generating the frequency response functions, we eval-
uate Eq. (4.8) at x = L.
4.2.1 Experimental Validation
The model’s efficacy in capturing the forced vibration response is considered
by examining the frequency response function (FRF) around the primary resonance as
predicted by the ROM and comparing it to the exact solution. A convergence analysis
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Figure 4.2: Frequency response curve for one to twenty modes compared to exact
solution.
is conducted to determine the proper order of the reduced system. This system is
then used to compare the ROM predicted FRF to that captured experimentally.
Figure 4.2 shows the variation in the frequency response resulting from varying
the number of modal equations from one to twenty in comparison to the exact FRF.
Figure 4.3 illustrates the results of the peak frequency and transmissibility conver-
gence to the exact solution using five Prony series terms and a wide range of modal
equations. Table 4.1 contains the percent difference between the frequency and trans-
missibility of the ROM’s solution and the exact solution. Both the frequency and the
transmissibility decay to the exact solution. The largest error comes from using a
single mode approximation of the system with 11.02% and 8.39% error in estimating
the resonant frequency and transmissibility, respectively. The data indicate that ten
modal equations are sufficient to characterize the forced vibration response of the
system as compared to the exact solution within a reasonable error of 1.05% and
0.79% for frequency and transmissibility, respectively.
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Figure 4.3: Convergence of resonant frequencies and corresponding transmissibility
amplitude for increasing number of modes: frequency and transmissibility amplitude
Table 4.1: Percent difference between the predicted frequency and transmissibility
using the assumed modes method as compared to the exact solution.






























Figure 4.4: Comparison between experimental frequency response and the reduced
order model predicted response around the primary reasonance - static stress, 7.17
KPa, 0.10g excitation.
Figure 4.4 compares the frequency response obtained by using ten modal equa-
tions in the ROM to the experimental FRF. Both the model and the experimental
data indicate a peak transmissibility of nearly 11.8 g/g, however the ROM is slightly
stiffer, with a primary resonant frequency of 45.6 Hz as compared to 44.5 Hz for the
experimental system, resulting in an error of 2.47%. This variation in frequency is
well within expected based on the variation in density and hence stress-strain response
discussed previously. In addition, the experimental FRF in Fig. 4.4 exhibits a slight
bending to the left indicative of a nonlinear, softening behavior. This nonlinearity is
even present at low static stress and small excitation amplitudes as noted in Chapter
3. As a result, the deviation in the two FRFs is not an inherent flaw of the model but
rather a limit of the linearized model’s applicability. Finally, at forcing frequencies
greater than the first resonant frequency, variation in the FRFs is observable. The
nonlinearity is responsible for some of this behavior but it also may be due to inaccu-
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rate estimates of damping at higher frequencies. The smaller α’s determined from the
least-squares fit of the stress- relaxation data affect both the initial stress-relaxation
and the damping at high frequencies. Interestingly, the stress-relaxation fit had the
largest error during the initial drop in stress, Fig. 2.7. This may lead to inaccurate
estimates of damping at higher forcing frequencies.
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Chapter 5
Primary Resonance Behavior of
the Nonlinear, Viscoelastic Model
This chapter presents the solution to the complete nonlinear, distributed pa-
rameter model. The partial differential equation (PDE) is discretized into a system
of ordinary differential equations (ODEs). An approximate analytical solution to a
single modal equation is presented using the method of multiple scales. A numerical
solution to the system of ODEs is considered for a varying number of modal equa-
tions. It is demonstrated that the analytical solution is sufficient for the study of
the behavior of the system. This behavior is considered at a combination of different
static stresses and excitation accelerations. The predicted behavior of the system is
verified experimentally further validating the models ability to capture the behavior
and determine the limits of the experimental identification techniques.
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5.1 Analytical Solution













































and the nonlinear boundary conditions






















































where the energy loss due to the test rig is added to the boundary condition as viscous
damping.
The analytical nonlinear approximation technique, the method of multiple
scales, is initially applied to governing PDE [Nayfeh and Mook, 1979]. Analytical
solution of the nonlinear PDE is made complicated by the existence of the nonho-
mogeneous boundary condition. The derivation of this solution proves to be long,
tedious, and presents many opportunities for error. For this reason, analytical solu-
71
tion of the forced vibration system in this work starts with converting the PDE to an
ODE using the method of assumed modes. The ODE is solved analytically using the
method of multiple scales.
Due to the nonhomogeneity in the Robin boundary condition, Eq. (5.2), the
governing equation of motion, Eq. (5.1), is rewritten using the Dirac delta function
applied immediately below the end of the rod, x = L. This forces the homogeneity











































− [M ¨̂u(L, t) +MüB(t) + Ce ˙̂u(L, t)]δ(x− L), (5.3)
and the homogeneous boundary conditions













































































− [M ¨̂u(L, t) +MüB(t) + Ce ˙̂u(L, t)]δ(x− L), (5.5)
where E∗ = E11 +2E12ε+3E13ε
2 and Ê = 2E12 +6E13ε. The PDE is discretized using





Formulation of the spatial coordinates, Un(x), is based on using the modes of a fixed-
free, continuous rod [Rao, 2007] as admissible functions




where Cn is 1, n = 0, 1, 2, ..., N and N is the number of modes. The temporal
coordinates are represented with ηn(t) and are defined as η̃ = B̃e
îΩt.
Following the assumed methods, Eq. (5.5) is multiplied by each individual
admissible function and integrated over the spatial domain to obtain the following
nonlinearly coupled ODEs





e−α(t−τ)η̇dτ = MBüB. (5.8)
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where Me, Ce, Ke1, Ke2, Ke3, Kv, and MB are defined as
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5.1.1 Equivalent Linear System
We begin using the method of multiple scales to obtain a second-order ap-
proximate solution to a single modal equation of the nonlinear matrix ODE. Using a
single mode equation is expected to provide solutions which over predict the modal
frequency and peak amplitude, but can provide a qualitative insight into the non-
linear response. Applying this technique to the viscoelastic system is not a trivial
process and requires determining equivalent properties for the modal frequency and
damping, as carried out for delay systems by Daqaq et al. [Daqaq et al., 2011]. First,
the linearized system is considered in which the nonlinear elastic terms, Ke2 and Ke3
are neglected. This yields the following single modal equation
Meη̈ + Ceη̇ +Ke1η +Kv
∫ t
−∞
e−α(t−τ)η̇dτ = M̄üB. (5.9)
The excitation is of the form üB = Ge
îΩt where G is the constant specifying the mag-
nitude of the input acceleration. Mass normalizing the ODE, Eq. (5.9), substituting
üB and η, and simplifying yields the following linear eigenvalue problem
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Since the relative displacement response for one mode is of the form û = U1η and





























Comparing Eq. (5.12) to the FRF of a single-degree-of-freedom (SDOF) oscillator





















5.1.2 Method of Multiple Scales
The nonlinear equation of motion, Eq. (5.8), is rewritten using the equivalent
properties, ωeq and ζeq, for only one modal equation yielding
η̈ + 2µη̇ + ω2eqη + γ2η
2 + γ3η
3 = −M̄G cos Ωt, (5.15)
77
where







The time dependence in the ODE is expanded into multiple time scales as Tn = εt,
where ε is a small book keeping parameter. The time derivatives are written as
d
dt









where Dn = ∂(·)/∂Tn. The relative displacement expansion yields
η = η0(T0, T1, T2) + εη1(T0, T1, T2) + ε
2η2(T0, T1, T2) +O(ε
3). (5.18)
The equation of motion terms are scaled such that the effective damping, cubic non-
linearity, and excitation are on the same time scale, i.e.,
γ2 = εγ2, µ = ε
2µ, γ3 = ε
2γ3, G = ε
2G. (5.19)
The excitation frequency, Ω, is defined with a detuning parameter, σ, scaled to explore
the response around resonance,
Ω2 = ω2eq + ε
2σ. (5.20)
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Substituting these expressions into Eq. (5.15) and separating terms based on the order
of ε yields
O(ε0) : D20η0 + ω
2
eqη0 = 0
O(ε1) : D20η1 + ω
2
eqη1 = −γ2η20 − 2(D0D1η0)
O(ε2) : D20η2 + ω
2
eqη2 = −2(D0D1η1)− 2γ2η0η1 − γ3η30 − 2µ(D0η0)− 2(D0D2η0)− M̄G cos Ωt.
(5.21)
The solution to the order O(ε0) equation is assumed to have the form
η0 = A(T1, T2)e
iωeqT0 + CC, (5.22)
where CC represents the complex conjugate, and A(T1, T2) is a complex valued func-
tion representing the unknown amplitude and phase of the response. The assumed
solution to the O(ε0) equation is substituted into the O(ε1) equation and the secular
terms are set equal to zero yielding
D1A(T1, T2) = 0 and A = A(T2). (5.23)








where Ā is the complex conjugate of A. The solution to the O(ε2) equation is deter-
mined by substituting Eqs. (5.22) and (5.24) into the O(ε2) of Eq. (5.21) and setting
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The excitation frequency, Ω, defined in Eq. (5.20), is approximated using a Taylor
series expansion in terms of ωeq and σ as














where a is the amplitude and β is the phase. Dividing Eq. (5.25) by eiωeqT0 , substi-
tuting Eqs. (5.26) and (5.27), and rewriting the forcing term using the Euler identity
yields

























The real and imaginary terms are separated into the following two modulation equa-
tions






















Here, Neff represents the effective nonlinearity of the system controlling the bending
behavior of the frequency-response curve. Positive values indicate hardening spring
behavior and negative values indicate softening spring behavior.
The steady-state amplitude of the system is of interest for comparison to the
experimental data, therefore the time derivatives, D2a and D2ψ, in the modulation
equations are set to zero. The two equations are squared and added to form a single











Equation (5.32) can be solved for the steady-state amplitude, a0, for which there are
six roots. The steady-state relative displacement response is then determined to be
ûss(rel) = U1a0 cos (Ωt+ β0). (5.33)
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5.2 Experimental Verification
The frequency response of the simulated packaged product system, Fig. 3.4,
is experimentally captured using the stepped-sine technique described in detail in
Section 3.2.1. Nine different combinations of static stresses (7.17, 10.41, and 13.72
KPa) and excitation acceleration (0.10, 0.25, and 0.50 g) are evaluated, seven of
the nine exhibit clear nonlinear, softening behavior. The experimental procedure
is time intensive requiring several hours to capture just one response curve. The
input frequency is stepped up at 0.25 Hz increments and held until the mass response
reaches steady-state. The response is recorded and the frequency increased. Once
above the primary resonance the process is repeated, stepping from high frequency
to low. Testing at the highest static stress of 13.72 KPa and excitation acceleration
of 0.50g yields the largest bending behavior. Due to the length and intensity of
some of the tests, the cushion sampled failed and only the step-up response curve was
captured. Figure 5.1 and 5.2 illustrate variation in the frequency response function for
varying excitation acceleration levels and static stresses observed in the experimental
data.
5.2.1 Comparison to Numerical Solution
The governing ODE, Eq. (5.8), is modeled in Simulink R© and numerically sim-
ulated for a variety of static stresses and excitation acceleration levels. Convergence
analysis of the linearized reduced-order model (ROM) in Chapter 4 indicates that
ten or more modal equations are necessary for reasonable accuracy in predicting
the primary resonance response. Since the analytical solution is limited to one modal
equation, numerical simulation is necessary to understand the effect of multiple modes
on the nonlinear system response. Figure 5.3 illustrates a comparison of the primary
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Figure 5.1: Variation of the experimental frequency response due to variations in the
exciation acceleration at a static load of 13.72 KPa. Arrows indicate the direction of
test frequency step.































Static Stress = 13.72 KPa
Static Stress = 10.41 KPa
Static Stress = 7.17 KPa
Figure 5.2: Variation of the experimental frequency response due to variations in the
the static load at an exciation acceleration of 0.50g. Arrows indicate the direction of
test frequency step.
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Figure 5.3: Numerical solution for one through five modal equations compared to the
analytical solution at a static stress of 13.72 KPa and excitation acceleration of 0.25g.
resonance frequency response for one, two, three, four, and five modal equations us-
ing three Prony series terms. Numerical simulation of this system is computationally
expensive and leads to long simulation times. Note that the inclusion of additional
modal equations improves the prediction of the primary resonance center frequency
and amplitude but has no observable effect on the bandwidth, the bending behavior,
or shape of the FRF. For these two reasons, it was decided that an analytical solution
based on using a single modal equation is sufficient to understand the behavior of the
nonlinear system.
5.2.2 Analytical Solution Comparison
The formulation of the analytical solution using the method of multiple scales
is based on the discretization of the PDE to a single modal equation ODE. Although
the ROM analysis of Chapter 4 indicates that ten or more modal equations are neces-
sary for reasonable accuracy in predicting the frequency response, we test the ability
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of the single mode, analytical model to capture the qualitative nonlinear system re-
sponse. Demonstrating this qualitative equivalence enables the use of the analytical
model for further analysis. Comparison of the numerical solution and the single mode,
analytical solution, Fig. 5.3, indicates that the analytical solution does indeed capture
the bending behavior obtained via the five mode numerical solutions for a variety of
static stresses and input accelerations. Having said that, the single modal equation
fails to accurately capture the amplitude and center frequency as expected and dis-
cussed in Chapter 4. The efficacy of the analytical model in describing the nonlinear
behavior of the response enables the further use of this tool for behavior analysis in
the remainder of this dissertation. Neither solution of the governing equation is ca-
pable of capturing the degree of the nonlinearity observed in the experimental FRF.
The inability to predict the amount of FRF bending is addressed in the following
section.
5.2.3 System Identification Limitation
Qualitative behavior analysis of the nonlinear model indicates that the poly-
nomial approximation of the quasi-static stress-strain data, Fig. 2.4, while sufficient
for the linearized system, is insufficient in capturing the center frequency and degree
of the nonlinearity. Inherent in mechanical compression testing is the take-up of free
play in the test equipment and seating of the test sample during initial loading. This
deflection, called toe compensation, results in the initial hardening behavior observed
in the stress-relaxation data and is often removed prior to analysis [ASTM, 2010c].
The minimal toe compensation used in Fig. 2.4 is sufficient for the linearized problem
but not for capturing the true nonlinear behavior present at very low strain levels
that occur in the protective packaging use of Arcel R© foam. Further toe compensation
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Figure 5.4: Polynomial fit of the toe compensated stress-strain compression data.
Table 5.1: Coeficients of the nonlinear, steady-state stress-strain polynomial with
minimal and full toe compensation of the raw data.
E11 E12 E13
Min. Toe Compensation 2.99 MPa -35.52 MPa 145.34 MPa
Full Toe Compensation 2.46 MPa -18.44 MPa -68.70 MPa
is required to enable capturing reasonable nonlinear FRF behavior. Figure 5.4 illus-
trates the further toe compensated polynomial fit of the stress-relaxation data and the
resulting coefficients. Table 5.1 contains the polynomial coefficients from the least-
squares fit of the raw stress-strain data after minimal toe compensation and after full
toe compensation. Since initial static strain levels are as high as 0.005 mm/mm, this
compensation is important for removal of the nonphysical data captured as a result
of experimental compression testing. This adjustment provides a significant improve-
ment in the ability of the model to capture the center frequency and amplitude of the
nonlinear bending FRF, but it is still not sufficient for capturing the degree of the
bending behavior, Fig. 5.5.
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Figure 5.5: Comparison of the predicted FRF using the scaled analytical solution
with the experimental data at a static stress of 13.72 KPa and 0.25g acceleration
level.
The low static strain range (0.001 - 0.005) and low dynamic strain range (0.007
- 0.020) of the mass combined with the inseparability of mass and foam sample result
in the oscillating compression and tension state of the material. Practically, this
material is never in tension due to the fact that it is not adhered to the top and
bottom surface in packaging applications as it is in the test fixture. While this conflict
does not effect the ability to predict the material response in the linear behavior
region, it can effect the ability to capture the degree of the nonlinearity at very low
strain levels that occur in the packaging use of Arcel R©. To quantify this limitation,
the effective nonlinearity in the model, Neff , as defined in Eq. (5.31), is artificially
scaled such that the analyical FRF solution matches the bending behavior of the
experimental FRF at each set of conditions tested. The necessary scaling for the
range of static stresses and acceleration levels experimentally evaluated is within a
constant tripling to quadrupling of Neff . Scaling of the effective nonlinearity enables
prediction of the frequency response within reasonable accuracy given the density
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Figure 5.6: Comparison of the predicted FRF using the scaled analytical solution
with the experimental data at a static stress of 13.72 KPa and 0.25g acceleration
level.
fluctuation observed in the samples, Fig. 5.6. Note that we are able to accurately
capture the center frequency, amplitude, and bending behavior with an acceptable
variation in the bandwidth.
One can argue that the model is not accurate due to the limitation of capturing
the quasi-static response at very low strain levels, however the conclusions from the
linear analysis of Chapter 3 and 4 reveal excellent predictive ability in the low strain
region. The linear model accurately captures the center frequency, bandwidth, and
amplitude of the response even at very low strain levels. It is only the prediction of
the nonlinear behavior that is limited by the quasi-static test method.
It is important to note that the limitation due to the accommodation for toe
compensation in the quasi-static testing does not effect identification of the viscoelas-
tic model components. The Prony series, capturing the viscoelastic behavior, results
from a least-squares fit of the stress-relaxation data which is not subject to toe com-
pensation adjustment.
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5.3 Study of the Analytical Solution Behavior
In this section, we study the effect on the frequency response of varying the
excitation acceleration at one static stress. Next, the effect of varying the static stress
for a constant input acceleration on the response behavior and its implications for
packaged product design are discussed. The analytical solutions for both of these
studies are verified with experimental data. Lastly, the frequency response effect of
varying the foam thickness is considered.
5.3.1 Varying Excitation Acceleration
The variation in the qualitative behavior of the system at each static stress for
a varying excitation acceleration is considered. As expected in Region I of Fig. 1.6, an
increase in the excitation acceleration increases the dynamic strain and the softening
bending behavior of the FRF. Figure 5.7 illustrates the analytical solution response
for the lowest and highest static stresses tested at 0.10, 0.25, and 0.50g excitation
accelerations. The experimental data collected at each of these conditions is displayed
for visual comparison.
An increase in the input acceleration of a packaged product system results in
the expected increase in the absolute amplitude of the product. However, the data
illustrated in Fig. 5.7 indicates that the amplification of the input motion or relative
displacement of the response also increases with input acceleration. This could lead
to damaging amplitude levels in the product response. In addition to the amplifi-
cation increase, the degree of the nonlinear bending behavior increases significantly
with increased excitation amplitude. Due to the softening behavior, increasing input
acceleration results in shifting the center frequency lower. This realization heightens

























































































































































































































































































































Figure 5.7: Experimental data and analytical solutions at various input accelerations,
a) analytical - 7.17 KPa, b) analytical - 13.72 KPa, c) experimental - 7.17 KPa, and
d) experimental - 13.72 KPa.
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that are sensitive to nonlinearities. The risk with current “linear” techniques is the
miscalculation of resonant frequencies. The result could be a packaged product sys-
tem is incorrectly designed to shift the resonant frequency of a fragile product off that
of a frequency of peak vehicle input energy. The result is potential product damage
and/or costly redesign. Interestingly, even at low acceleration inputs, the softening
nonlinear behavior of system is observable both analytically and experimentally.
5.3.2 Varying Static Stress
The effect of varying the static stress on the frequency response at a con-
stant input acceleration level is considered and compared to the experimental data.
Figure 5.8 illustrates the comparison between the analytical solutions and the experi-
mental data at the each of the input acceleration levels and static stresses considered.
As expected, increasing the static stress lowers the center frequency and increases
the strain level resulting in a greater spring softening behavior. Visual comparison
indicates reasonable correlation between the scaled analytical solutions and the ex-
perimental data.
The results illustrated in Fig. 5.8 have practical implications for the variation
of product weight on a given area of cushion material. An increase in product weight
shifts the primary resonance frequency lower as expected but also increases the am-
plitude and the degree of the nonlinear behavior observed in the response motion.
The increased amplitude results in significantly higher product acceleration levels for
a constant input acceleration. This amplitude increase can lead to an increased risk
of product damage. The increase in the nonlinear bending behavior for a harmonic
excitation leads to the potential for multiple stable solutions with drastically different
response amplitudes. Another result of the bending FRF is an increase in bandwidth
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resulting in amplification of the input acceleration over a wider range of frequencies.
These results could have potentially significant effects on the steady-state response
of components inside the product.
It is valuable to note that experimental frequency response testing of the cush-
ion samples reveals a performance limit of the foam. The limit reached is beyond
reasonable demands experienced in vehicle transport. The limit was discovered when
performing the forced vibration testing at the highest static stress, 13.72 KPa, and
the highest input acceleration, 0.50g. Since stepped-sine tests can extend to over ten
hours in duration, the samples are exposed to maximal loading and vibration levels
for continuous periods of time unlike that experienced in vehicle transport. Discus-
sion with Nova Chemicals confirmed that they have not had customers experience
this type of failure with Arcel in use. The failure observed results in permanent side-
wall bulging, reduction in sample thickness, and softening of the sample, Fig. 5.9.
Internal sample inspection reveals separation of the polymer beads, Fig. 5.10. This
failure occurred during the reverse step-sine test at a static stress of 13.72 KPa and
input acceleration of 0.50g and is the reason there is only a step-up FRF curve in
Fig. 5.8f).
5.3.3 Varying Cushion Thickness
Static stress and cushion thickness are the two primary parameters in design-
ing a protective packaging cushion system. As discussed in Section 1.1.1, cushion
thickness can have a significant impact on the cost to ship a packaged product from
point of manufacturer to point of retail. This impact is due to the direct effect that
cushion thickness has on the packaged product size and the resulting density of the
freight. An important element of responsible package design is the minimization of
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Static Stress = 13.72 KPa
Static Stress = 10.41 KPa
Static Stress = 7.17 KPa
Figure 5.8: Analytical solution and experimental data comparison for varying static
stresses, a) analytical - 0.10g, b) experimental - 0.10g, c) analytical - 0.25g, and d)
experimental - 0.25g, e) analytical - 0.50g, and f) experimental - 0.50g.
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Figure 5.9: Extreme example of failure.
Figure 5.10: Internal separation of polymer beads at failure.
94































Thickness = 7.62 cm
Thickness = 5.08 cm
Thickness = 3.81 cm
Thickness = 2.54 cm
Figure 5.11: Variation in analytical solution FRF with variation in sample thickness.
cushion thickness.
The effect of varying the cushion thickness on the analytical model solution is
studied. As expected, reducing the thickness of a cushion has the effect of increasing
the system stiffness and therefore increasing the primary resonance frequency as seen
in Fig. 5.11. Not understood is the effect of reducing thickness on the nonlinear
FRF bending behavior, peak amplitude, and bandwidth. Figure 5.11 illustrates the
scaled analytical FRF for various sample thicknesses ranging from 2.54 - 7.62 cm at a
constant static stress of 13.72 KPa and input acceleration of 0.25 g. The first notable
trend is the decrease in response amplitude resulting from a decrease in the sample
thickness. This result is desirable given the need to minimize cushion thickness.
A less desirable trend is the increasing nonlinear FRF bending behavior associated
with a decrease in foam thickness. The increasing degree of the softening behavior
effectively widens the bandwidth of the response resulting in an amplified product
response over a wider range of frequencies. Conversely, increasing the thickness of




This chapter presents a summary of the conclusions drawn from the work
detailed in this dissertation. The conclusions from each of the four major components
of this work are presented separately.
1. Modeling and system identification
2. Exact solution of the linearized system
3. Reduced-order model of the linearized system
4. Nonlinear model solution
Prompted by the lack of understanding of the basic dynamic response of ex-
panded polymer packaging systems, this study examined the nonlinear response of a
continuous, nonlinear viscoelastic rod. The model used for the analysis consisted of
an expanded polymer foam, Nova Chemicals’ Arcel R©, attached to a tip-mass, repre-
senting a simplified packaging system. Arcel R©, like many polymer foams, exhibits a
complex stress-strain behavior characterized by elastic nonlinearities, viscoelasticity,
and cyclic softening. A governing equation consisting of a cubic polynomial and a
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five-term Prony series was developed from constitutive relationships, identified, and
used to model the foam’s behavior. The eigenvalue problem and forced vibration
response of the distributed parameter system was studied using an exact solution. A
reduced-order model (ROM) was developed using the method of assumed modes for
comparison to the exact solution and experimental data. An analytical solution to
the complete nonlinear model was developed using the method of multiple scales and
was validated using a numerical solution and experimental data.
6.1 Modeling and system identification
A distributed parameter model of a rod in axial motion was developed from
constitutive relations that captured the nonlinear and viscoelastic behavior of the
expanded polymer cushion material Arcel R©. Quasi-static compression data were used
to characterize the elastic stiffness coefficients of the governing equation. Static stress-
relaxation data were used to experimentally identify the time dependent behavior of
the system. This work led to the following conclusions:
1. The time dependent behavior of the system was represented with a Prony se-
ries. Using a one term Prony series, the fitted constitutive relationship had a
mean sum of the squares error (SSE) between experimental and predicted stress
relaxation tests of 1.21×10−3 while an eight term Prony series had a mean SSE
of 1.78 × 10−4. Based on a least-squares fit of the stress-relaxation behavior,
the mean sum-of-the-squares error converged with three Prony series terms.
2. Analysis of the storage and loss modulus variation with frequency revealed that
optimizing the curve fit of the stress-relaxation modulus is not sufficient for
determining the necessary number of Prony series terms. Additional terms
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are necessary for convergence of the storage and loss moduli in the frequency
range of interest and hence the resulting dynamic behavior. While four terms
were sufficient to capture the storage modulus, a fifth term was necessary to
accurately describe the loss modulus.
6.2 Exact Solution
The eigenvalue problem of the governing partial differential equation (PDE)
was analytically solved for the exact modal frequencies and mode shapes. Conver-
gence of the solution was studied for varying numbers of Prony series terms. The
primary resonance response was predicted from an exact solution of the forced vi-
bration problem. Solutions were verified with experimental data, and the behavior
was studied to reveal surprising results about the energy absorption ability of Arcel R©
foam and potentially other expanded polymer foams. The analysis led to the following
conclusions:
1. Analyzing the exact solution to the eigenvalue problem revealed that prediction
of the first modal frequency converged after the use of four Prony series terms.
Furthermore, including the linear terms from the nonlinear expansion about the
non-zero static equilibrium position proved necessary to accurately predict the
modal frequencies. Failure to include these terms resulted in higher estimates
of the modal frequencies.
2. Comparing the exact modal frequencies to the experimental values obtained
from an impact hammer test; the exact solutions were between 2.63% and 9.05%
different for various static stresses and sample thicknesses. Extending this com-
parison to a thicker sample at different static stresses resulted in relative errors
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less than or equal to 8.78%.
3. Comparison between the experimental frequency response of the test system and
the predicted response from the exact solution demonstrated the model’s ability
to capture the center frequency, magnitude, and bandwidth within reason given
the material density variation among specimens of 19.51 to 20.42 kg/m3.
4. Static stresses and vehicle excitation levels typical in packaged product distri-
bution were found to cause Arcel R© to exhibit a nonlinear softening behavior
evident in the bending of the frequency response plot. Capturing this behavior
necessitates the use of a nonlinear elastic model.
5. Energy loss in the foam/test fixture system is primarily due to the upper platen
movement along the guide rods. Impact hammer and steady-state vibration
responses indicate that when removed from the system, the foam material con-
tributes little to energy dissipation near the primary resonance. As a result,
although designed for impact energy absorption, Arcel R© foam is not ideally
suited for absorbing vibration energy typical of the packaged product distribu-
tion environment near its primary resonance frequency.
6.3 Reduced-Order Model
Motivated by the opportunity to develop a simplified mathematical model for
cushion design, this study examined the efficacy of using a ROM in determining the
natural frequencies and primary resonant response of a packaging system. The ROM
was developed by discretizing the governing PDE into a system of ordinary differential
equations (ODEs). A convergence analysis of the ROM solution to that of the exact
problem was performed for a varying number of modal equations. The optimized
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system was then validated with free and forced vibration experimental data. This
work led to the following conclusions:
1. Increasing the number of modal equations used in the ROM enabled convergence
of the fundamental natural frequency. Ten modal equations were necessary to
reduce the error between the numerical and analytical solutions to within an
error of 1.04%.
2. The numerical solver used to solve the eigenvalue problem was unable to find
roots for some combinations of modal equations and number of Prony series
terms used. This limitation suggests: 1) a need to use a more robust solver/s-
trategy to find the modal frequencies, and that 2) the mass and the tangent
stiffness matrices maybe ill-conditioned. Since peak vehicle vibration energy
often occurs below 200 Hz, the inability to solve the eigenvalue equation for
higher modes is unimportant in practical application.
3. Ten modal equations were sufficient to characterize the forced vibration response
of the system as compared to the exact solution within a reasonable error of
1.05% and 0.79% for frequency and transmissibility, respectively.
4. Comparison of the ROM prediction and the experimental frequency response
yielded acceptable agreement. Both frequency responses had nearly the same
peak transmissibility, however the ROM response was slightly stiffer, with a pri-
mary resonant frequency of 45.6 Hz as compared to 44.5 Hz for the experimental
system at a static stress of 7.17 KPa and input acceleration of 0.1g.
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6.4 Nonlinear Solution
Study of the linearized governing equation of motion resulted in the demon-
strated ability to predict the free and forced vibration response of Arcel R© foam for
a practical range of static stresses and base acceleration levels. The limitation was
that many of these conditions lead to a nonlinear vibration response necessitating a
model that can capture that behavior. The method of multiple scales was used to
analytically approximate the nonlinear system response of the governing ODE. The
solution captured the qualitative bending behavior of the frequency response and
provided insight into the relationships between static stress, input acceleration, and
the resulting bending behavior. Comparison between the analytical solution and the
experimental data also revealed limitations in the experimental identification at low
strain levels. The following important conclusions resulted:
1. Analytical solution of the governing PDE was found to be complicated, tedious,
and susceptible to error. Discretizing the PDE to a single ODE and using
comparison with an equivalent linear system enabled representation of the vis-
coelastic component in such a way that the method of multiple scales was used
to analytically approximate the nonlinear behavior. Comparison of the nonlin-
ear solution with numerical simulation revealed the analytical model’s ability
to capture the qualitative bending behavior, amplitude, and bandwidth near
the primary resonance. This presented a significant advantage in the study
of the nonlinear behavior due to the fact that the numerical simulation was
computational expensive as compared to the analytical solution.
2. Use of the analytical solution to study the frequency response behavior at vari-
ous static stresses and base acceleration levels revealed limitations in experimen-
tally identifying the model parameters at low strain levels. Machine free play
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and sample seating associated with mechanical compression tests necessitated
careful toe compensation to eliminate these effects on the material response.
Many of the test conditions were at such low strain levels that the toe com-
pensation applied to the quasi-static data used for elastic parameter character-
ization affected the center frequency, amplitude, and degree of the nonlinearity
predicted by the model. Although not a problem in the linear model, this
resulted in the model overestimating the amplitudes and underestimating the
center frequencies when compared to experimental data. The quasi-static data
was refit with more toe compensation and the correlation with the experimental
data dramatically improved. Even with the refit, artificial scaling of the effec-
tive nonlinearity was required to match the bending behavior at the low strains
levels considered.
3. Trends observed in the analytical solutions of the nonlinear model were consis-
tent with those observed in the experimental data. Increases in the excitation
acceleration resulted in an increased amplitude of the mass response and the
degree of the nonlinear bending behavior. Increasing the static stress at a fixed
excitation acceleration resulted in larger mass amplitudes and more exaggerated
nonlinear bending behavior. The implications of these results are significant for
package design and indicate the use of linearized models can lead to incorrect
packaging design resulting in damaged product and/or expensive redesign.
4. Undocumented in the packaging industry literature is the effect of varying the
cushion thickness on the frequency response of a nonlinear, viscoelastic foam.
The analytical model was studied, and a decrease in the foam thickness was
found to reduce the response mass amplitude at a given static stress and input
acceleration. A thinner cushion was also found to increase the primary reso-
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nance center frequency and increase the nonlinear bending of the FRF leading
to an effective increase in the response bandwidth.
6.5 Recommendations for Further Research
The research detailed in this dissertation focuses on the small strain excitation
of an idealized packaged product system. The free vibration response due to a hammer
impact and the steady-state response due to a continuous harmonic excitation are
studied. While these inputs provide valuable tools for understanding the physics
of this complex material, they are not indicative of the type of inputs packaged
products receive in the distribution environment. Transport vehicles undergo random
vibration. The resulting input to the packaged product system varies in frequency
and intensity with time. Extending the nonlinear, viscoelastic models developed in
this work to predict the response of the system to a random vibration inputs would
provide value to both package designers and cushion material developers.
The ability to generate experimental data for validation of the model under
various conditions is critical since this kind of data is not available from foam manu-
facturers. The rig developed in this work achieves its objectives of limiting the motion
to that of uniaxial and providing a means of varying the top load while keeping the
mass from bouncing at or near resonance. However, the amount of damping present
in the movement of the upper platen is a full order-of-magnitude greater than that
which is present in the deflection of the foam. Development of a rig that further re-
duces the energy losses in the movement of upper platen would improve the resolution
of the relatively low energy losses observed in the material.
Stress-strain behavior is used in this work to characterize the elastic stiffness of
the foam. While this is demonstrated to be sufficient for predicting the linear response
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of the material, a scaling factor is necessary for completely capturing the nonlinear
response. This limitation results from the extremely low strain levels encountered
in the typical vibration response of this material coupled with the experimental toe
compensation that is required with quasi-static compression testing. Further devel-
opment of the low strain level characterization would enable more accurate modeling
of the nonlinear behavior.
The model developed in this work captures the steady-state vibration response
of an expanded polymer foam to the low amplitude and low frequency motion typical
in transport vehicle vibration. Extending this model to include the higher frequency
and larger acceleration inputs encountered in impact events would broaden the models
usefulness. The ability to predict the shock response of a cushion material without
the significant lab testing currently required would be of value in cushion system
design and new material development.
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Appendix A: Specimen Density
Variation
This appendix briefly discusses the density variation observed in the specimens
used in this work and attempts to quantify the affect on mechanical behavior. Density
variation in expanded polymer foams is common. The effect of this variation on the
behavior of the material can be significant [Feldkamp, 2007]. The mean density of
the specimens used in this study was 20.40 kg/m3 with a standard deviation of 0.58
kg/m3, a maximum of 21.88 kg/m3 and a minimum of 19.51 kg/m3. The published
density for this material is 20.02 kg/m3.
Figure A.1 illustrates the variation in quasi-static loading response of samples
ranging in density from 20.07 kg/m3 to 21.64 kg/m3. The higher the density, the
stiffer the material as expected. Using the exact solution, the fundamental frequency
was determined and used for comparison when the different quasi-static curves were
used to describe the static behavior. At a static load of 7.17 KPa and an excitation
acceleration of 0.1g, the primary resonance frequency was 49.57 Hz when calculated
using a quasi-static curve that was the average of the three data sets used in this work.
When using the highest density quasi-static curve, the primary resonance frequency
was 54.79 Hz. When using the lowest density curve, the primary resonance frequency
was 49.24 Hz. This is a frequency variation of 5.55 Hz associated with a reasonable
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specimen density variation of 1.57 kg/m3.



















Figure A.1: Variation in quasi-static response of samples at various densities
The strong influence of specimen density on elastic moduli and therefore fre-
quency response of the material combined with the large variation in sample densities
observed (one standard deviation is 2.8% of the mean) indicate the need to accurately
monitor material density. It also indicates the need for replicate testing within the
range of reasonable density variation. Note that this was the variation observed in
specimens cut from the same manufactured block. Density variation over a range of
manufacturing conditions must be considered.
Table A.1 lists the experimental vibration tests performed for model verifi-
cation and the corresponding sample densities for the tests performed. This data
indicates that there is an expected experimental fundamental frequency variation
between the model and the experimental data based on the density variation.
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Table A.1: Variation in specimen density for the forced vibration tests performed.
Static Stress Excitation Density
Acceleration
7.17 KPa 0.10 g 19.88 kg/m3
7.17 KPa 0.25 g 19.77 kg/m3
7.17 KPa 0.50 g 19.68 kg/m3
10.41 KPa 0.10 g 20.98 kg/m3
10.41 KPa 0.25 g 19.68 kg/m3
10.41 KPa 0.50 g 20.48 kg/m3
13.72 KPa 0.10 g 19.88 kg/m3
13.72 KPa 0.25 g 21.03 kg/m3
13.72 KPa 0.50 g 20.82 kg/m3
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